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#P E,5�©½n

#P
• F : Σ∗ → N (e.g. Σ = {0, 1})
~
�{��ê8¯K£#PerfectMatching¤
Ñ\µãG£�?è¤
ÑÑµG��{��ê8

• ½Â
F ∈ #P
��=��3õ�ª�mØ(½.ã(ÅM§¦�M(x)��É
O�´»ê8�uF (x)§
��=��3õ�ª�m�{R§R�ü�Ñ\xÚyo÷
v|y| = |x|k§¦�F (x) = |{y|R(x, y) = 1}|"
• NPp��½¯K¯kvkyây§#Pp�Oê¯K¯kõ
�yâ"

• ù�adL. Valiantu1979c3©Ù/The complexity of com-
puting the permanent0, Theoretical Computer Science§¥Ä
gJÑ" 2 / 17
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#PJ

• ½Â
#PJ¯Kµ
XJ#Pp�¤k¯KÑ�±õ�ª�mã(8��F§@oFÒ
´#PJ¯K"

• XJ��¯K´#PJ�§@o�´NPJ�"

• ����¼êR½Â�Oê¯K´Ä´#PJ�§ÚÓ�
�R½Â��½¯K´Ä´NPJ�§ùü«·Kvk'
X"

• Toda½nµ
PH ⊆ P#P"
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#PJ¯K

• #SAT§Permanent§M��î£´ê8¯K§,,

Theorem
#SAT´#PJ�"

• y²aqcook½n"

Theorem
0, 1−Permanent´#PJ�"

• Ï�#SAT�±8��Permanent§¿�8�kD45"
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Permanentµóã����{��ê8

• A´n× nÝ
"

½Â

Permanent(A) =
∑
π∈Sn

n∏
j=1

Aj,π(j)

• Akü«ãL«µn�:�k�ã§Ú2n�:�óã"

• V = {1, 2, . . . , n}
k�ãG(V,E,W )¥§k�>(j, k)��W (j, k) = Aj,k"

• Permanent(A)´G�¤k�CX��Ú"

• V = {1, 2, . . . , n}§U = {1′, 2′, . . . , n′}"
Ã�óãH(V,U,E,W )¥§>(j, k′)��W (j, k′) = Aj,k"

• Permanent(A)´H�¤k�{����Ú"
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Oê����½��

• #SAT´#PJ�§Ù�½��SAT´NPJ�"

• óã��{��ê8¯K´#PJ�§Ù�½��óã´Ä
�3�{��§´kõ�ª�m�{�"
^ã������{=�"

• #2SAT´#PJ�§Ù�½��2SATkõ�ª�m�{"
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JÚN´�m�¯K

• XJPØ�uNP§�3NP¥�¯K§§Ø3P¥§�Ø´NPJ
�"£�d=*Ø¤á¤

• y²´æ^ò´é���{��E5y²"
• =��<E�¯K~f"

E,5�©½nµ�½��S�¯K�oJ§�oN´

• ý�õêïÄL�NP¥�¯K§½ö´NPJ�§½ö3Pp"

• ��¯K8Ü¥�¯K�o´N´�£P¤§�o´J�
£NPJ¤§ù«(J¡�E,5�©½n"

• �«~��¯K8Ü§CSP£�å÷v¤¯K"
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Dichotomy theorem of CSP

F is a set of relations in Boolean variables.

Theorem (Schaefer, STOC 1978)

Given a constraint set F , the problem CSP(F) is in P, if F
satisfies one of the conditions below, and CSP(F) is other wise
NP-complete.

• F is 0-valid (1-valid).

• F is weakly positive (weakly negative). (Horn SAT)

• F is affine. (A system of linear equations)

• F is bijunctive. (2SAT)
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#CSP¯Ka

z��#CSP¯K�¢~£Ñ\¤Ú�Y£ÑÑ¤/ª´��
�"

• ¢~µ
�^uCþ8ÜX = {x1, x2, . . . , xn}��
�åµ
R1(x1,1, . . . , x1,r1), . . . , R1(xm,1, . . . , xm,rm)

• �Yµ

∑
X∈Dn

m∏
j=1

Rj

£DL«��Cþ�½Â�"¤

�½��¼ê8ÜF§Ò½Â
��#CSP¯K#CSP(F)§
§�¢~¤^��åR7L5gF"
#2SAT=#CSP({F |F (y, z) = y ∨ z½öȳ ∨ z½öy ∨ z̄½öȳ ∨ z̄})
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#CSP��©½n

Ù�½Â��#CSP¯K

• {0, 1}��
�k�a¯Kkõ�ª�m�{§Ù¦Ñ´#PJ�"
�aµ��'X"

• �K¢ê��
üaµpure affineÚproduct type

• Eê��
üaµ A Ú P(=product type)
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1�´)aµA

• X = (x1, x2, . . . , xn)"xj ∈ D"|D| = 2"£½ÂOê¯K
�§½Â�DÃI(�"¤

• ½Â��'X¼êµχ(AX=C)§=Dþn��m���f�
m��«¼ê"£D����2�k��"¤

• P (x1, x2, . . . , xn)´���Xêõ�ª§xj ∈ {0, 1}§¦^�
ê\{¦{$�"x2j = xj"

• �¦P��pgê´2¶�¦���g��Xê´óê"

• ~Xµ3x1 + 2x2 + 2x1x3 + 4x2x3"

• F ∈ A§��=�k/ªχ(AX=C) · iP (x1,x2,...,xn)"

11 / 17



#P E,5�©½n

#CSP (A)��{
• ∑

xj∈{0,1},j=1,...,n

χ(AX=C)i
P (x1,x2,...,xn)

• b�AX = C�gdCþ´x1, . . . , xr§
)´xr+1 = Lr+1(X

′)§...xn = Ln(X ′)"X ′ = {x1, . . . , xr, 1}"
• ~X§�§|´x3 = x1 + x2 + 1 mod 2"

• ∑
xj∈{0,1},j=1,...,r

iP (x1,x2,...,xr,Lr+1(X′),...,Ln(X′))

• Pæ^�ê$�§��i��ê§�±�4$�"
• e¡r)L�ª��2$�K\�4$�"

• XJPpk���g�x3§�¤L3(X ′)2"£Ï�L2 mod 4�
uL mod 2"¤

• XJk2x3x4§Ï�2x3x4 mod 4 = 2(x3 mod 2)(x4 mod 2)§
�\L3, L4=�"
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#P E,5�©½n∑
xj∈{0,1} i

P (x1,x2,...,xr)

• Ãx1�§½öx1�g�Xê´2"J�¤k�2x1úÏf"∑
x2,...,xr

∑
x1

i2x1L(X)+P ′(x2,...,xr) =
∑

x2,...,xr

(iP
′(x2,...,xr)

∑
x1

(−1)x1L(X))

∑
x1

(−1)x1L(X) = 2χ(L(X)=0)

• kx1�£Xê´1½ö3§±3�~¤"J�2x1§x1��g�
ØÄ"

=
∑

x2,...,xr

(iP
′(x2,...,xr)

∑
x1

(−1)x1L(X)i3x1)

�L(X) = 0 mod 2�§F (1, x2, . . . , xr) = −iF (0, x2, . . . , xr)¶
�L(X) = 1 mod 2�§F (1, x2, . . . , xr) = iF (0, x2, . . . , xr)"∑

x1

(−1)x1L(X)i3x1 = (1− i)iL2(X)
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��´'ux1, x2, . . . , xn�2n�D�éχ · iP¦Ú§®²w�

XÛ�Øχ¥��gdCþÚiP¥���Cþ§�d´¼êL�
ªχ · iP�ÌÝÉ��Cz"
�Ø��Cþxi§=léü���2n−1��²¡�:�¼ê�¦
Ú§=z¤éÙ¥���²¡�:�¼ê�¦Ú"

Figure: J�mý«�L«��f�mL(X) = 1

1�«�¹§C = 1"1�«�¹§C = ±i"
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A¥���¼ê~f

•

F =

(
1 1
1 −1

)
• #CSP(F )¯K���¢~§´�
FA^�Cþx1, . . . , xn"

• ù�¢~éAãG§VG = {x1, . . . , xn}§(j, k) ∈ EG��=
�¢~¥k�åF (xj , xk)"

• �Ä�D�1�º:/¤�fãH"XJHkÛ£ó¤ê^
>§¤k�å�¦È´−1£1¤"

• #CSP(F )(G)=ãG�óê^>�ù«fãê8−Ûê^>
�fãê8"

• ãG�óê^>�fãê8´õ�ª�m�±O��"
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1�´)aµproduct type
• ��n�¼êF38ÜE§��=�§3Ø,pÖGéαÚᾱ�
	�Ñ\þ�Ñ´0"
î�½ÂµF ∈ E��=��3α ∈ {0, 1}n§
∀X,X 6∈ {α, ᾱ} ⇒ F (X) = 0"

• ��CþD�e�éÚ
∑

X∈Dn

∏m
j=1Rjk�0�z§§éE¥

¼êF���Cþ�D�§û½
§éÙ¦F�Cþ���
D�"

• #CSP¯K�¢~�±x¤óã"

• ëÏ�E¼ê¦3�å§�´E¼ê"
• ��¼ê´product type��=�UL«¤E¥¼ê�¦È" 16 / 17
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ë�©z
• Nadia Creignou, Miki Hermann:

Complexity of Generalized Satisfiability Counting Problems. Inf.
Comput. 125(1): 1-12 (1996)

• Martin E. Dyer, Leslie Ann Goldberg, Mark Jerrum:
The Complexity of Weighted Boolean CSP. SIAM J. Comput.
38(5): 1970-1986 (2009)

• Jin-Yi Cai, Pinyan Lu, Mingji Xia:
The complexity of complex weighted Boolean #CSP. J. Com-
put. Syst. Sci. 80(1): 217-236 (2014)

• ±þÙ�½Â��#CSP¯KE,5§d	�kcounting
graph homomorphism§Holant�Oê¯K"
'uù
¯K�E,5�©½nnÜnã§é?�Ú�N�
Öúv"

• Complexity Classifications of Boolean Constraint Satisfaction
Problems, 2001
Nadia Creignou, Sanjeev Khanna, Madhu Sudan
�¹
@Ï��½¯K!Oê¯KÚ`z¯K�E,5�©
½n"
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